Abstract. We introduce a class of spaces in which every discrete subset has a complete accumulation point. Properties of this class are obtained and consistent examples are given to show that this class differs from the class of countably compact and the class of compact spaces. A number of questions are posed.
Introduction
A classical theorem of General Topology states that a Hausdorff space is compact if and only if each infinite subset has a complete accumulation point (for details, we refer the reader to [3] , 3.12.1). Additionally, it was shown in [14] that a Hausdorff space is compact if and only if the closure of every discrete subspace is compact. On comparing these results, it is natural to ask whether one can characterize compactness in terms of complete accumulation points of discrete sets: Question 1.1. Is it true that if every discrete subspace of a Hausdorff space X has a complete accumulation point in X, then X is compact?
Shortly we shall see that the answer to this question is consistently, No. We make the following definition. Definition 1.2. A T 1 -space X is said to be discretely complete if every infinite discrete subspace has a complete accumulation point in X.
Clearly every compact topological space is discretely complete and each discretely complete space is countably compact. Furthermore, since an accumulation point of a countable subset of a T 1 -space is a complete accumulation point of that set, it follows that: Remark 1.3. A countably compact T 1 -space with countable spread is discretely complete; in particular, each hereditarily separable countably compact T 1 -space is discretely complete.
We do not know if there exists a model of ZF C in which every discretely complete Hausdorff space is compact. Since a discretely complete space is countably compact, and it is well-known that a countably compact, linearly Lindelöf space is compact, it is immediate that a completely discrete, linearly Lindelöf space is compact. Furthermore, a space is linearly Lindelöf if and only if every uncountable subset of regular cardinality has a complete accumulation point. So a non-compact T 1 -space which is discretely complete must contain some (non-discrete) subset of uncountable regular cardinality which has no complete accumulation point.
In [10] , Ostaszewski constructed a non-compact, perfectly normal, hereditarily separable, countably compact Tychonoff space assuming CH + ♣(≡ ♦); it follows immediately from Remark 1.3 that this is an example of a discretely complete non-compact space.
In [4] , Fedorčuk constructed using ♦, a hereditarily separable compact Hausdorff space in which every infinite closed set has cardinality 2 c . In the sequel, this space is used to show that a product of two discretely complete spaces need not be countably compact.
Both of the examples we have just mentioned are S-spaces (regular, hereditarily separable but not hereditarily Lindelöf) and it is well-known that the existence of an S-space is independent of ZF C. We also note that the existence of a discretely complete, non-compact regular space of countable spread is independent of ZF C since it was shown in [2] that under the Proper Forcing Axiom each regular countably compact space of countable spread is compact. Furthermore, Peter Nyikos has informed us that the same result holds in the case of countably compact Hausdorff spaces. However, it seems not to be known whether or not there exists in ZF C a compact Hausdorff space X such that |X| > 2 s(X) and as we shall show later, the existence of such a space gives rise to a non-compact discretely complete Hausdorff space.
All spaces in the sequel are assumed to be T 1 . All notation and terminology not specifically defined below can be found in [3] , [7] and [11] .
The Results
The examples of Fedorčuk [4] and Ostaszewski [10] cited above in Section 1, both have countable spread, but a simple construction allows us to produce discretely complete, non-compact Tychonoff spaces of arbitrary spread.
Lemma 2.1. If in a model of ZF C there is a discretely complete, non-compact Tychonoff space of countable spread, then for each cardinal κ there is a discretely complete, non-compact Tychonoff space of spread κ.
Proof. Let X be a discretely complete non-compact Tychonoff space of countable spread and let Z = (κ × X) ∪ {∞} where κ has the discrete topology, κ × X has the product topology and basic neighbourhoods of ∞ are of the form {∞} ∪ [(κ \ F ) × X], where F ⊆ κ is finite. We denote the projection from κ × X → κ by π. Clearly s(Z) = κ and if D ⊆ Z is an infinite discrete set, there are two possibilities:
. . , α n } is finite, then D is countable and for some j ∈ {0, . . . , n}, D ∩ ({α j } × X) is countably infinite and hence D has a complete accumulation point in {α j } × X.
The class of discretely complete spaces, like that of compact space is closed under taking continuous images and closed subsets.
Lemma 2.2. The continuous image of a discretely complete space is discretely complete.
Proof. Suppose X is discretely complete and f : X → Y is continuous and surjective. Let D = {d α : α ∈ κ} be a discrete subset of Y ; then if for each α ∈ κ we pick
it is clear that {x α : α ∈ κ} is a discrete subset of X and hence must have a complete accumulation point, p say. Then if q = f (p) and V is an open neighbourhood of q, it follows that |{α :
The proof of the following trivial result is left to the reader.
Lemma 2.3. A closed subspace of a discretely complete space is discretely complete
However, unlike the class of compact spaces, the class of discretely complete spaces is not closed under the taking of products.
Example 2.4. It is consistent with ZFC that there exist two discretely complete Tychonoff spaces whose product is not countably compact.
Proof. Let X denote the (above mentioned) compact space constructed in [4] under ♦. Let S be a fixed countably infinite subset of X; note that since X has no non-trivial convergent sequences, S is not compact and hence not countably compact. We enumerate the infinite discrete subsets of S as D = {D α : α < c}.
Clearly K 1 and L 1 have cardinality c and hence
Enumerate the countably infinite discrete subsets of K 1 and L 1 as {D 1,α : α < c} and {E 1,α : α < c} respectively. Since, for each α < c, the sets cl(D 1,α ) and cl(E 1,α ) have cardinality 2 c we can repeat the process described in the previous paragraph so as to obtain, for each α < c, sets A 1,α = {a 1 β : β < c} and B 1,α = {b
Having defined sets K β and L β for each β < α < ω 1 = c, if α is a limit ordinal, then define K α = {K β : β < α}, and L α = {L β : β < α}; if α is a successor ordinal then repeat the process of the previous paragraph. Thus we define K α and L α of X for each α < ω 1 = c. Clearly
Thus both K and L are countably compact. Since X is hereditarily separable, it follows that both K and L have countable spread and are not compact since they are proper dense subsets of cl(S). It follows from Remark 1.3 that both K and L are discretely complete. However, {(s, s) : s ∈ S} ∼ = S is a closed subspace of K × L which is not countably compact. Hence K × L is not countably compact.
As our next result shows, even the product of a compact Hausdorff space and a discretely complete space need not be discretely complete (although it will certainly be countably compact).
Theorem 2.5. If X is a discretely complete, but non-compact T 1 -space, then there is a compact Hausdorff space Y such that X ×Y is not discretely complete.
Proof. Since X is not compact, there is a subset A = {a α : α ∈ κ} ⊆ X which has no complete accumulation point. Since X is discretely complete, it is countably compact, and hence κ must be uncountable. Let Y be the Alexandroff compactification of the discrete space D(κ) of cardinality κ and let {d α : α ∈ κ} be an enumeration of D(κ). We consider the set C = {(a α , d α ) : α ∈ κ} ⊆ X × Y . Since {d α } is open for each α ∈ κ, it follows that C is discrete and if X × Y were discretely complete, then C would have a complete accumulation point, say p = (x 0 , y 0 ). Thus if U is a neighbourhood of x 0 and V is a neighbourhood of y 0 , then |{α : (a α , d α ) ∈ U × V }| = κ. Thus for each neighbourhood U of x 0 , |{α : a α ∈ U }| = κ, showing that x 0 is a complete accumulation point of A, a contradiction. Theorem 2.9. If X is a compact space of weight κ and Y is a discretely complete space which is initially κ-compact, then X × Y is discretely complete.
Proof. Note that Lemma 2.8 implies that X ×Y is initially κ-compact. Suppose that D = {(x α , y α ) : α ∈ λ} is an infinite discrete subset of X × Y . There are three cases to be considered. 1) If λ ≤ κ, then since X × Y is initially κ-compact, it follows from Lemma 2.7 that D has a complete accumulation point in X × Y . 2) If cof (λ) > κ, then fix a base B of X of size κ and for each B ∈ B, define I B = {α ∈ λ : there is an open neighbourhood
there is some B ∈ B such that |I B | = λ. The set Y B = {y α : α ∈ I B } is discrete in Y and hence has a complete accumulation point q ∈ Y . But then, if for each x ∈ X, (x, q) is not a complete accumulation point of D, then for each x ∈ X we can find open neighbourhoods U x of x and V x of q such that |(U x × V x ) ∩ D| < |D|. The open cover {U x : x ∈ X} of X has a finite subcover {U x1 , . . . , U xn } and if we let V = {V x k : 1 ≤ k ≤ n}, it follows that |(X × V ) ∩ D| < |D| which contradicts the fact that q is a complete accumulation point of Y B .
3) If λ > κ ≥ cof (λ), then we can find regular cardinals {λ α : α ∈ cof (λ)} such that κ < λ α < λ and sup{λ α : α ∈ cof (λ)} = λ. Now write D = {D α : α ∈ cof (λ)} where |D α | = λ α . By 2), each of the discrete sets D α has a complete accumulation point (p α , q α ) ∈ X × Y , and since this latter space is initially κ-compact, it again follows from Lemma 2.7 that the set {(p α , q α ) : α ∈ cof (λ)} has a complete accumulation point (p, q) ∈ X × Y . Now any neighbourhood V of (p, q) contains cof (λ)-many points (p α , q α ) and hence λ α -many points of D α for cof (λ)-many α. It follows that (p, q) is a complete accumulation point of D.
Corollary 2.10. If X is a compact metrizable space and Y is discretely complete, then X × Y is discretely complete.
Proof. Since X is metrizable, w(X) = ω. The space Y is discretely complete, hence countably compact, that is to say, initially ω-compact; the result now follows from the theorem.
We now show that a construction very similar to that used in Example 2.4 can in fact be carried out on any compact Hausdorff space in which |X| > 2 s(X) in order to construct a non-compact discretely complete space. The construction is reminiscent of the classical construction of a countably compact, non-compact dense subspace of βω of size c (see [5] , 9.15).
Theorem 2.11. In any model of ZFC in which there exists a compact Hausdorff space X with |X| > 2 s(X) , there exists a non-compact discretely complete Tychonoff space.
Proof. Suppose κ = s(X); by Theorem 2.17 of [7] , there is a dense subspace E 0 ⊆ X of cardinality at most 2 κ . We enumerate the discrete subsets of E 0 as {D
Having constructed subsets E α for each α < β < κ + , with the property that |E α | ≤ 2 κ < |X| and such that E µ ⊆ E ν whenever µ < ν, we construct E β as follows:
If β is a limit ordinal then E β = {E α : α ∈ β}.
If β = γ + 1, then since |E γ | ≤ 2 κ , we can enumerate the discrete subsets of E γ as {D γ α : α ∈ λ γ } where λ γ ≤ 2 κ < |X|. Again, since X is compact, each of the sets D γ α has a complete accumulation point in X and for each α ∈ λ γ we choose one such,
and so E X. Furthermore, if S ⊆ E is discrete, then |S| ≤ κ and hence there is some α ∈ κ + such that S ⊆ E α and so S has a complete accumulation point in E α+1 and hence in E as well.
We note in passing that by applying the technique of Gryzlov [6] , the space E in the previous theorem can even be made to be normal. Before stating a generalization of this result we need some definitions.
Recall that a space X is a KC-space if every compact subspace of X is closed, X is an SC-space (see for example, [1] ) if every convergent sequence together with its limit forms a closed subset of X and X is a US-space (see, [8] ) if every convergent sequence in X has a unique limit. It is easy to see that KC ⇒ SC ⇒ U S ⇒ T 1 .
A similar technique to that used in Theorem 2.11 can be used to prove the following result. We leave the details to the reader. Theorem 2.12. In any model of ZFC in which there exists a compact KCspace X with |X| > d(X) s(X) , there exists a non-compact discretely complete KC-space.
As mentioned in the Introduction, we do not know if there is a ZF C example of a discretely complete, non-compact Hausdorff space; however, discretely complete, non-compact U S-spaces exist in ZF C. Example 2.13. There is in ZFC a non-compact U S-space which is discretely complete.
Proof. Our aim is to define a topology σ on the set ω 1 such that (ω 1 , σ) is a non-compact, discretely complete U S-space; we begin by defining a topology τ (used in [13] ) generated by the following sub-base:
Clearly τ is a T 1 -topology which is weaker than the order topology on ω 1 and hence (ω 1 , τ ) is countably compact but not Lindelöf, since the open cover {{β : β < α} : α ∈ ω 1 } has no countable subcover. Furthermore, if A ⊂ ω 1 has order type (induced by the order on ω 1 ) greater than or equal to ω + 1, then A is not discrete, and hence every discrete subset of (ω 1 , τ ) is countable. That this space is discretely complete but not Lindelöf and hence not compact is now a consequence of the remarks following Definition 1.2.
However, in (ω 1 , τ ), every injective sequence converges to an uncountable number of points. To obtain a U S-space we use a construction used for compact spaces by Künzi and van der Zypen, [8] .
Let A = {A α : α ∈ I} be a maximal almost disjoint (MAD) family of injective sequences in ω 1 , where A α = {x n α : n ∈ ω} and for each α ∈ I, choose a limit ℓ α ∈ A α . Denote the set {x n α : n ≥ m} ∪ {ℓ α } by A m α and let σ be the topology generated by the subbase τ ∪ {X \ A m α : m ∈ ω, α ∈ I}. We claim that (ω 1 , σ) is a U S-space which is discretely complete and since it is not Lindelöf, it is not compact. In order to show that the space is discretely complete, we first show that its spread is countable. To this end, suppose that B is an uncountable subset of ω 1 and we write B = {B α : α ∈ ω 1 } where the sets B α are mutually disjoint and countably infinite. Consider the countably infinite set B 0 ≡ B β0 . Since A is a MAD family, there must exist
Continuing this process, we obtain a family {B βn : n ∈ ω} of countably infinite, mutually disjoint subsets of B, each of which intersects an element of A in an infinite set. Let S = {A αn ∩ B βn ∩ (b n−1 , ω 1 ) : n ∈ ω} and let b ∈ B ∩ (sup(S), ω 1 ). We claim that b ∈ cl σ (S), thus showing that B is not discrete. Suppose to the contrary that b ∈ cl σ (S); then there is some basic closed set containing S but not b. Since all τ -closed sets contain a cofinal interval of ω 1 , it follows that there must be some finite subset of A, say {A γ1 , A γ1 , . . . , A γn } such that b ∈ {A γm : 1 ≤ m ≤ n} ∪ {ℓ γm : 1 ≤ m ≤ n} ⊇ S. Clearly then there is some j ∈ {1, . . . , n} and some k ∈ ω such that A γj ∩ A α k ∩ B β k is infinite, which since there are only finitely many possible such j but infinitely many such k, contradicts the fact that A is an almost disjoint family. Thus b ∈ cl(S) and to show that (ω 1 , σ) is discretely complete, it now suffices to show that it is countably compact. However, if T = {t n : n ∈ ω} is a countably infinite subset of ω 1 , then there is some A λ ∈ A such that A λ ∩ T is infinite. It is immediate that ℓ λ ∈ cl (T ) .
Finally, the proof that (ω 1 , σ) is a U S-space follows exactly as in [8] .
Recall that a space is weakly Lindelöf if every open cover has a countable dense subsystem.
The spaces βω and ω * = βω \ ω are the source of many examples and counterexamples, thus the following is of interest.
Theorem 2.14.
[CH] For each p ∈ ω * , ω * \ {p} is not discretely complete.
Proof. In the proof of Corollary 1.5.4 of [9] it is shown (in ZF C) that ω * \ {p} is not weakly Lindelöf. Hence there is an open cover U of ω * \ {p} with no countable dense subsystem. Now, using CH, we may enumerate U as {U α : α < ω 1 }.
Choose x 0 ∈ U 0 and let α 0 = 0. Suppose now that for some λ < ω 1 , we have chosen points x γ , indices α γ ∈ ω 1 and elements U αγ ∈ U for each γ < λ. Note that since α γ is a countable ordinal for all γ < λ, it follows that cl( {U ξ : ξ < α γ , γ < λ}) = ω * \ {p} and hence we can define α λ = min{β < ω 1 : U β \ cl( {U ξ : ξ < α γ , γ < λ}) = ∅} and choose x λ ∈ U α λ \ cl( {U ξ : ξ < α γ , γ < λ}).
Note that this construction ensures that x λ ∈ cl{x γ : γ < λ} and x γ ∈ cl(U α λ ) for each γ > λ and so {x α : α ∈ ω 1 } is discrete. Furthermore, the discrete subset {x α : α ∈ ω 1 } has no complete accumulation point in ω * \ {p}, since each of the open sets U α contains only countably many points of the set {x α : α ∈ ω 1 }.
Open Questions
Below, we repeat the principal open questions regarding discretely complete spaces.
Question 3.1. Is it consistent with ZFC that every Tychonoff discretely complete space is compact? Question 3.2. Is there in ZFC, an SC (or even a KC or Hausdorff ) example of a discretely complete space which is not compact?
